Abstract: Shear viscous drag within the thin fluid film at the contact between grains in water-saturated sand is an important loss mechanism for high-frequency sound in the Biot-Stoll plus contact squirt flow and shear viscous drag (BICSQS) model [J. Acoust. Soc. Am. 116, 2011-2022]. Couette flow was assumed for the shear drag but it breaks down when inertial effects within the film become significant. Using Biot's method, a correction is derived for the shear drag and inserted into the BICSQS model. The result is a prediction of negative sound speed dispersion, consistent with dynamic theories of fluid-filled poroelastic bodies. The Biot model 1 has been successfully applied to fused glass beads, but it is unable to predict the attenuation and sound speed dispersion measured in unconsolidated water-saturated sand over a broad band of frequencies.
The Biot model 1 has been successfully applied to fused glass beads, but it is unable to predict the attenuation and sound speed dispersion measured in unconsolidated water-saturated sand over a broad band of frequencies. 2 The difficulty is in the grain contact physics, which is more complicated than that of a fused link. The measured data were more consistent with the Biot-Stoll plus contact squirt flow and shear viscous drag (BICSQS) model, 2 which represents the grain contact physics in terms of a normal and a tangential contact stiffness. The normal contact stiffness is modeled as a simple spring modified by squirt flow. The tangential contact stiffness is modeled as a simple spring with shear drag, in which Couette flow is assumed. Inertial effects will cause deviations from Couette flow at high frequencies. This paper addresses the high-frequency correction for the tangential contact stiffness.
For a fluid film of thickness 2a 1 between two parallel, solid, planar surfaces moving in parallel but opposite directions, at constant velocities A and −A, respectively, the shear stress at each surface is given by
where µ is the viscosity of fluid. The fluid velocity profile is simple; it changes linearly from −A to A with distance across the fluid film. For a slow sinusoidal motion, this expression is still approximately correct, but at high frequencies it will break down due to the inertial effects within the fluid. Therefore, a correction function F 1s ͑␣͒ needs to be applied to the above equation, in which ␣ is the angular frequency; thus, = F 1s ͑␣͒Aµ/a 1 . ͑2͒
The nomenclature is similar to that of Biot because the derivation is inspired by his derivation of the drag force of an oscillatory flow in a two-dimensional duct, specifically Eqs. (2.1)-(2.17) of Ref.
1. Considering two-dimensional motion, in which the x-direction is parallel to the plane boundaries, and the y-axis is perpendicular to them and where the boundaries are at y = ±a 1 , the equation of the fluid velocity u 1s in the x-direction is
where f is fluid density. Let the fluid velocity be defined as a product of a sinusoidal oscillation and a profile function U 1s ͑y͒ as follows:
where ␣ is the angular frequency, t is time, and A is the amplitude of the sinusoidal velocity at the boundaries. Substituting into Eq. (3), the result is
where = µ / f is the kinematic viscosity. The general solution is of the form
͑6͒
where B and C are constants. For the case of flow drag between parallel plane boundaries, the expected solution is an even function, and B would be zero, as in Ref.
1. In the case of shear drag, the expected solution must be an odd function, and C would be zero. An expression for B may be found from the boundary conditions. Following Biot's method, the variable ␣ is replaced with 1 , according to the definition 1 = a 1 ͱ ␣/.
͑7͒
The resulting solution for the fluid velocity profile is
Normalized examples of the real part of U 1s at three values of 1 are shown in Fig. 1(a) as an illustration. At low frequencies, it is almost linear, but at high frequencies inertial effects come into play. The imaginary part, not shown, tends to zero at low frequencies. For comparison, the corresponding profiles of U 1 for sinusoidal flow between parallel boundaries from Ref. 1 are shown in Fig. 1(b) . Omitting the frequency dependent term e i␣t , the shear stress at the boundaries is given by = ͯµ ‫ץ‬U 1s ͑y͒ ‫ץ‬y
Eliminating from Eqs. (2) and (9), an expression for the high-frequency correction is obtained as follows:
The behavior of the function is similar to that of Biot's correction F 1 ͑ 1 ͒ for the flow drag between parallel boundaries; both functions start at (1,0) at low frequencies and their real and imaginary parts increase monotonically with frequency but at different rates. Plots of both functions are shown in Fig. 1(c) . This result may be used to improve the BICSQS model 2 at high frequencies. Specifically, the expression for the frequency dependent tangential contact stiffness S t between a pair of solid grains was originally given in Eq. (12) 
where A is the amplitude of a sinusoidal tangential strain, A S is the corresponding tangential stress, g c is the stiffness due to solid contact, and the imaginary term is the shear drag due to viscosity within the fluid film that is trapped between the grain surfaces. Assuming that the fluid film at the grain-grain contact may be approximated as a thin fluid film between a pair of plane boundaries, the correction term may be simply applied to the shear drag term. The new expression is
͑12͒
Following the same logic as in Ref. 2, the frame shear modulus becomes
͑13͒
The effect of this modification will be illustrated by way of an example, based on the BICSQS model of the sediment at the Sediment Acoustics Experiment of 1999 (SAX99), and later revisited in 2004 (SAX04). The model parameters are provided in the last column of Table IV in  Ref. 2. One additional parameter is needed, i.e., the value of 1 . As defined in Eq. (7), the gap between the solid surfaces is the main unknown. It has to be of the same order of magnitude as the grain surface roughness. If the grains may be approximated as randomly close-packed spheres, which have an ideal porosity of 0.36, a rough estimate may be obtained from the difference between this and the measured porosity. The measured 3 porosity is 0.37 and the average grain diameter is about 0.4 mm. From simple geometry, the average half gap width, a 1 , is calculated to be ͑͑1 − 0.36͒ / ͑1 − 0.37͒͒ 1/3 − 1 times the average grain radius, which comes to 0.001 mm. This should be regarded as a very rough estimate since the grains are not spherical, as shown by the scanning electron microscope images in Ref. 3 .
By replacing Eq. (12) in Ref. 2 with Eq. (13) from above, the high-frequency correction was introduced into the BICSQS model. Using the equations and procedures described in Ref.
2 along with the estimated value of a 1 above, the modeled sound and shear wave speeds and attenuations for the SAX99 experiment, with and without the high-frequency correction F 1s , are compared in Fig. 2 . The F 1s correction appears to have a negligible effect on the wave attenuations. It reinforces the rapid increase in shear wave speed at high frequencies. New shear wave experimental measurements will be needed for verification, since there are no data in that frequency range for unconsolidated sand.
The most noticeable effect of the F 1s correction is negative dispersion of the sound wave speed at high frequencies. The speed is a function of both the bulk and shear moduli; the imaginary part of F 1s appears to interact with 'i' in Eq. (13) to give a net reduction in the real part of the modulus for the sound wave, which results in negative dispersion. Negative dispersion has been observed in a number of experiments. It has been observed in a bone. 4 Chakraborty 5 modeled it as a nonlocal version of Biot's theory, but the internal structure of a bone is very different from that of sand. With regard to granular media, Schwartz and Plona 6 measured the sound speed and attenuation of dry and water-saturated glass and plexiglass beads between 300 kHz and 2 MHz, and matched the results to multiple scattering models. Their measurements show speed decreasing as f −3 and attenuation increasing as f 4 ; their models approximately fit the data, although they predicted a speed decrease that goes as f −2 . Attenuation in well-sorted, vibrationcompacted, water-saturated sand between 100 kHz and 1 MHz measured by Nolle et al. 7 increased as f 1/2 , consistent with a viscous loss model due to relative motion between pore fluid and the sand grains, similar to Biot's theory. Speed dispersion was not addressed in the experimental measurements. Sound speeds in water-saturated laboratory sands between 300 kHz and 1 MHz, measured by Guillon et al. 8 and by Lee et al., 9 decreased as f −2 . The former did not show any attenuation measurements, and the attenuation measurements provided by the latter appear to be much lower than other comparable measurements.
In the BICSQS model, high-frequency sound wave attenuation is dominated by viscous shear drag in the thin fluid film at the grain-gain contact, and it predicts an attenuation that increases as f 2 . When the high-frequency correction F 1s is included, it also predicts a speed reduction that is proportional to f −2 . It matches the sound speed and attenuation measurements that were made on core samples of natural sand at the SAX04 experiment by Zimmer et al. 10 between 60 and 400 kHz, as shown in Fig. 3 . The relatively large sound speed values at 60 kHz are attributed to a systematic error resulting from the short travel distance in the sediment core relative to the acoustic wavelength at that frequency and should be ignored. The measurements show a relatively large spread that is typically observed in unconsolidated water-saturated sands. The frequency range of the sound speed measurements is not large enough, relative to the spread, to unequivocally show negative dispersion. The attenuation measurements more convincingly show the tendency toward f 2 dependence above about 100 kHz, consistent with the viscous shear drag losses in the thin fluid film at the grain-gain contact, rather than the fourth power dependence of the multiple scattering models, or the half power dependence of the Biot models with elastic frames.
In conclusion, three loss mechanisms are identified for water-saturated beads and sands at high frequencies, distinguished mainly by the frequency dependence of attenuation. (a) The viscous loss mechanism due to pore fluid flow, which gives an attenuation that increases as f 1/2 as in the Biot theory, was found in well-sorted laboratory sands that were compacted by vibration, between 100 kHz and 1 MHz, as in Ref. 7 . A more recent dynamic poroelastic model by Lopatnikov and Cheng, 11 which improves upon the Biot model by taking into account porosity gradients and dynamic effects and predicts negative dispersion, may be included in the same category. (b) Multiple scattering, which appears to dominate in dry and water-saturated glass and plexiglass beads, as in Ref. 6 , predicts attenuation that increases as f 4 . (c) The loss mechanism due to viscous shear drag in the fluid film at the grain-grain contact, as implemented in the BICSQS model, predicts a f 2 dependence. In this paper, a high-frequency correction is added, which does not change the frequency dependence of the attenuation, but changes the frequency dependence of the phase speed by giving it a negative dispersion. The combination matches the measurements in natural sand by Zimmer et al. 10 from SAX04. Although the measurements do not unequivocally show negative dispersion due to the limited frequency range, they clearly show the f 2 dependence of the attenuation, which is distinct from the Biot models with elastic frames and multiple scattering models. 
